We study the decoherence speed limit (DSL) of a single impurity atom immersed in a Bose-Einsteincondensed (BEC) reservoir when the impurity atom is in a double-well potential. We demonstrate how the DSL of the impurity atom can be manipulated by engineering the BEC reservoir and the impurity potential within experimentally realistic limits. We show that the DSL can be controlled by changing key parameters such as the condensate scattering length, the effective dimension of the BEC reservoir, and the spatial configuration of the double-well potential imposed on the impurity. We uncover the physical mechanisms of controlling the DSL at root of the spectral density of the BEC reservoir.
I. INTRODUCTION
Quantum coherence is the essential reason for quantum counterintuitive features that challenge our classical perception of nature, and long coherence time is a crucial condition for the viability of performing quantum information processing. However, the unavoidable couplings between quantum systems and their reservoirs induce the phenomenon of quantum decoherence [1] . Developing a quantitative understanding of the decoherence mechanism and exploring controllable methods of decoherence [2] [3] [4] [5] [6] [7] [8] [9] [10] are therefore critical. In recent years, much attention has been paid to the realization of long-lived quantum coherence. But few works focus on the lower bound of coherence time, and how to regulate the lower bound of coherence time still remains an open question. The aim of this paper is to address this problem making use of quantum speed limit (QSL) for a single impurity atom in a Bose-Einstein-condensed (BEC) reservoir.
The QSL time, denoted by τ QS L , is defined as the minimal time between two distinguishable states of a quantum system. It can be used to characterize the ultimate bound imposed by quantum mechanics on the maximal evolution speed. Recently, based on various distance metrics of two distinguishable states or the notion of quantumness, different bounds on the τ QS L for both isolated [11] [12] [13] and open [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] system dynamics have been obtained. In this paper, we adopt the τ QS L derived by Taddei et al, who use quantum Fisher information for time estimation and choose Bures fidelity as the distance measure between two quantum states. For a given distance, a shorter τ QS L implies a higher dynamical speed upper bound, otherwise, longer τ QS L means a lower dynamical speed limit. As for a quantum pure dephasing model, the τ QS L is exactly the lower bound of coherence time, and it can be used to characterize the upper bound of quantum decohering speed, i.e., the quantum decoherence speed limit (DSL).
Here we consider a single impurity atom immersed in a BEC. The impurity atom is confined by a deep, symmetric double well potential, while the BEC atoms are confined by a very shallow trapping potential. In Refs. [32] [33] [34] [35] [36] , it has been proved that the BEC atoms can be used to simulate a phase damping reservoir for the doped impurity atom. Meanwhile, BEC systems are essentially macroscopic quantum many body systems with effectively controllable dimension and nonlinear interaction. These provide us with a platform to control the decoherence of the single impurity atom by the use of the nonlinear BEC reservoir with different dimensions. Here we mainly consider the effect of these controllable parameters of the BEC reservoir on the impurity's lower bound of coherence time, i.e., quantum DSL. We show that not only the nonlinearity and the dimension of the BEC, but also the spatial form of the double well potential imposed on the impurity can be all treated as controllable parameters to manipulate the impurity's lower bound of coherence time. And in order to insight the physical mechanism behind the control, we also analyze the spectral density in details. We find that the nonlinear interaction and the effective dimension of the BEC can change the spectral density from a soft subohmic spectrum to a hard superohmic spectrum, while the characteristic length of each well and the distance between two wells of the double well potential change the cut-off frequency and the effective coupling constant in the spectral density, respectively.
The paper is organized as follows. In Sec. II, we introduce our physical model and obtain the dynamics of the impurity in the dephasing BEC reservoir. In Sec. III, we investigate the possibility of manipulating the quantum DSL of the impurity atom by various controllable parameters such as the nonlinearity and the effective dimension of the BEC reservoir, and the spatial parameters of double well potential imposed on the impurity. Finally, Sec. IV is devoted to some conclusions. FIG . 1: Schematic of the impurity coupled to a quasi-twodimensional BEC environment. The impurity atom (red circle) is trapped in a double well potential V A (r) with the distance between two wells 2L, while the BEC (blue region) is confined in a shallow harmonic trap V B (r).
II. PHYSICAL MODEL AND DECOHERENCE ANALYSIS
We consider an impurity atom immersed in a BEC. As shown in Fig. 1 , the BEC is confined by a very shallow trapping potential V B (r), while the impurity atom is trapped by a deep, symmetric double well potential V A (r) with the distance between two wells 2L. Here the occupations of the impurity in the left and the right well represent two pseudo-spin states, denoted by |g ≡ |L and |e ≡ |R , respectively. Assume that the double well is separated by a high-energy barrier, the tunneling between the two wells can be neglected. At low energies, only the contact interaction between the impurity and the BEC atoms contributes significantly. Then the BEC atoms could serve as a ground for simulating a phasing damping environment for the doped impurity atom. The Hamitonian of the impurity-BEC system takes the form of an effective spinboson model [33, 34] 
where σ z = |R R| − |L L|, ω 0 is the effective energy difference between the two pseudo-spin states of the impurity, andâ † k (â k ) is the creation (annihilation) operator of the Bogoliubov phonon of the BEC on the top of condensate wave function with the energy ω k [37, 38] , and ξ k is the coupling constant between the impurity and the BEC.
The BEC excitations obey the following dispersive relation
where the subscript D denotes the effective dimension of the BEC, n D is the condensate number density, g D is the interatomic nonlinear coupling constant, and
is the freeparticle energy with the mass of a background gas particle m B and the momentum k = |k|. It is worth noting that from Eq. (2) we can obtain two interesting limit cases of the dispersive relation [33, 39, 40] . The first is the phonon-like type dispersive relation ω k ∝ k, which happens in the regime of lowenergy excitations
The second is the free-particle type dispersive relation ω k ∝ ǫ k , which occurs in the regime of high-energy excitations or when the inter-atomic nonlinear interaction can be ignored.
Under the harmonic approximation through calculating the analytical expression of the ground state wave function of the impurity in each well, we can get the coupling constant between the impurity and the BEC [33, 34] 
where η D is the coupling constant of the impurity-BEC contact interaction with volume V, r W is the center coordinate of the double well potential V A (r), and σ = √ m A ω is the characteristic length of two approximate harmonic wells of V A (r) with the trapping frequency ω and the mass of the impurity m A . Note that, by changing the shape of the trapping potentials, it is possible to produce dilute gases in highly anisotropic configurations, where the motion of BEC atoms is quenched in quasi-one-dimensional (1D) or quasi-two-dimensional (2D) directions [32, [41] [42] [43] [44] [45] . The consequent inter-atomic interaction strengths ( g 1 and g 2 ) in 1D and 2D BEC can be expressed in terms of the inter-atomic interaction strength (g 3 ) in 3D BEC
where a B is the tunable s-wave scattering length of the BEC. a ⊥,B and a z,B are the transversal width and the axial length of the wave function of the BEC atoms, respectively. Similarly, one can obtain the number densities of the 1D and 2D BEC with n 3 being the number density of the 3D BEC [32, 41] 
And the 1D and 2D impurity-BEC coupling constants are expressed as
where a ⊥,A is the transversal width of V A (r) for the 1D case, and a z,A is the axial length for the 2D case. a AB is the swave scattering length for impurity-BEC collisions and
is the reduced mass. For the sake of simplicity, we consider the case that the BEC reservoir is at zero-temperature. Assume that the qubit is initially in an arbitrary stateρ (0) = 1 2 (I+xσ x +yσ y +zσ z ). In the interaction picture with respect toĤ 0 = ω 0σz + k ω kâ † kâ k , the exact reduced impurity dynamics can be obtained by using Magnus expansion [46] with the following expression where the dephasing function Γ (t) [33, 34] is given by,
During the calculation of Γ(t), we have used the continuum limit
with Ω D being the surface of the unit sphere in D dimensions. It is not difficult to find that the angular integrals read as f 1 the 1D and 2D BEC reservoirs. However, the Γ(t) first increases and then trends to a constant value in the 3D BEC reservoir. These results indicate that the impurity would completely dephase in the long-time limit for both the 1D and 2D cases, but there exists a stationary coherence for the 3D case. As for the case of presence of inter-atomic interaction in the BEC reservoir, where the scattering length a B takes its natural value a Rb ≈ 5.3nm, the Γ(t) falls down after it ascends first, and finally tends to be stable for three kinds of dimensions. That is to say, the inter-boson interaction or the nonlinearity of BEC reservoir induces the appearance of the stationary coherence of the impurity. And by comparing the dynamics of Γ(t) in different dimension cases, we can find that the coherence of the impurity would also be enhanced by decreasing the effective dimension of the BEC reservoir.
We now turn to investigate the influence of the spatial configuration of the double well V A (r), including the parameters σ and L, on the dephasing function Γ(t). Here σ = m A ω is the characteristic length with ω being the trapping frequency of the harmonic trap approximating the lattice potential at bottom of the left and the right wells. L is the half of the distance between two wells of V A (r). Both of them can be adjusted experimentally. Inspecting Fig. 3 we can find that for a given inter-atomic interaction a B , the dephasing function in the 3D BEC reservoir Γ 3 (t) decreases with increasing σ or shortening L. This means that the larger σ or smaller L could induce the slower dephasing speed, and we find these results are also applicative for the low-dimension cases. In addition, comparing Figs. 2 with 3 one can conclude that the stationary coherence is much sensitive to the nonlinearity parameter a B of the BEC reservoir rather than the spatial parameters σ and L of the double well V A (r). Anyway, these results provide us a way to control the quantum dephasing speed of the impurity atom in its BEC reservoir.
III. CONTROL OF THE DECOHERENCE SPEED LIMIT
In this section, we show how to manipulate the DSL of the impurity atom through changing controllable parameters of the impurity atom and the BEC reservoir. As was mentioned in the introduction section, the DSL can be characterized by the QSL time τ QS L . For a given distance D between two distinguishable states, a longer τ QS L indicates a slower decohering limit speed, which means the greater robustness of the impurity against dephasing induced by the interaction with the BEC reservoir.
We now consider the DSL of the impurity atom between two quantum states with a distance D. The authors in Ref. [14] have proved that the distance between the initial statesρ(0) and the final statesρ(τ) is bounded by
where the distance between two states is defined based on the Bures fidelity
, and F Q (t) is the quantum Fisher information with respect to the time which can be expressed as [48] 
where p ± (|ψ ± ) are the eigenvalues (eigenstates) of the quantum state of the impurity atom. For the density operator of the impurity atom given by Eq. (7) we have
where we have introduced the following functions
Submitting Eqs. (11) and (12) into Eq. (10), we can obtain the quantum Fisher information with respect to the time,
Thus, the upper bound of the distance D UB between two distinguishable states can be obtained by inserting Eq. (13) into Eq. (9),
From Eq. (14) we can see that the initial zero coherence C ρ(0) ≡ x 2 + y 2 = 0 would lead to D up = 0 at any time. In other words, the above bound consistently guarantees that the eigenstates of σ z do not evolve. Furthermore, assuming the initial states of the impurityρ(0) are pure states, the bound saturates, i.e., D = D UB , if and only if theρ(0) is on the equator of the bloch sphere with x 2 + y 2 = 1 and the first derivative of the dephasing function versus timeΓ (t) > 0 within the driving time t ∈ [0, τ], which can be proved to be a Markovian process [14] . Noting that the bound saturation implies the dephasing channel connecting two states along a geodesic path. More importantly, Eq. (14) clearly shows that the D UB for a given driving time τ is not only determined by the initialstate parameters (x, y, z), but also determined by the dephasing function Γ(t) in Eq. (8) and its first derivative versus timeΓ(t). In fact, the dependence of the D UB on the effective dimension D of the BEC, the boson-boson scattering length a B , and the spatial form of the double-well potential (i.e., σ, L) is exactly from the dephasing function Γ(t).
The DSL is characterized by the QSL time τ QS L between an arbitrary initial state and a target state with a fixed distance D. It is the lower bound of the evolution time and can be derived through the following relation,
Here τ QS L servers a lower bound for the coherence time, and it allows us to define a quantum dephasing speed limit (in frequency units), [23] . For a given distance D, a longer τ QS L represents a slower dephasing speed limit, while a shorter τ QS L means a faster dephasing speed limit.
In Fig. 4 , we plot the QSL time as a function of the s-wave scattering length a B in BEC reservoir for different regimes of the state distances between initial and target quantum states, and different spatial dimensions of the BEC. In order to consistent with the condition of dilute and weakly-interacting gases, the scattering length can be tuned up to a maximum value given by a B,max ≈ 3a Rb for 3D BEC gases, a B,max ≈ 2a Rb for 2D case, and a B,max ≈ a Rb for 1D case by using Feshbach resonances, respectively [34] . Here the initial state of the impurity atom is a maximally coherent state with x 2 + y 2 = 1 and z = 0. In Fig. 4 the color degree of freedom denotes the distances between initial and target quantum states, and the dashed lines are equal-value lines with the same distances. Fig. 4 shows that the QSL time can be controlled by changing the scattering length and spatial dimensions of the BEC. From Fig. 4 we can see the following results. (1) For a given state distance D denoted by a dashed line, a larger a B leads to a longer QSL time. Hence, the increase of nonlinearity in BEC reservoir can prolong the DSL time of the impurity atom. And this result holds for 1D, 2D, and 3D BEC reservoirs. (2) The larger the state distance D, the longer the QSL time is. This implies that the DSL time will be prolonged with the increase of the state distance. But it should be noted that, for a given state distance, the DSL time could tend to be infinite by increasing the scattering length a B . This phenomenon can be explained as a result of the stationary coherence of the impurity atom induced by the nonlinear interaction of BEC reservoir, as shown in Fig. 2. (3) Comparing the three subfigures in Fig. 4 we can find that the QSL time could also be extended by decreasing the effective dimension of the BEC reservoir in the small-value regime of the state distance. Therefore, we 6 6 6 6 6 6 6 6 6 6 60 6 6 6 6 6 6 6 6 6 6 6 64 4 4 4 6 6 6 6 6 6 62 2 2 2 4 4 4 4 4 4 42 2 2 2 2 2 2 2 2 2 2 2 26 4 4 2 2 2 6 6 6 6 6 6 6 6 6 60 6 6 6 6 6 6 6 6 6 6 6 6 64 4 4 4 6 6 6 6 6 6 62 2 2 2 4 4 4 4 4 4 42 2 2 2 2 2 2 2 2 2 2 2 26 4 4 2 2 can conclude that the enhanced nonlinear interaction and the lower dimension of BEC reservoir can induce a longer DSL time. As the a B can be tuned via Feshbach resonances, this would provide a practical way to prolong the DSL time of the impurity atom.
Furthermore, Fig. 5 presents the influence of two spatial parameters of the double-well potential V A (r) (σ and L) on the DSL of the impurity atom for different regimes of the state distances in the case of the 3D BEC reservoir. Inspecting the contour lines in Fig. 5 , we can find that, for a given state distance D, the QSL time of the impurity atom τ QS L in the 3D BEC reservoir increases monotonously with increasing σ, while decreases first and then oscillates with the increase of L. And the manipulating mechanism is more efficient in the larger σ regime or in the small L regime. That is to say, the larger σ and smaller L induce a slower DSL. These results can also be explained as a result of the effect of σ or L on the dephasing function Γ(t), as shown in Figs. 3. And we find similar results are also applicative for the low-dimension cases. Anyway, above results provide us another way to protect the coherence of the impurity atom in its BEC reservoir.
The DSL manipulation of the impurity atom in BEC reservoir is realized by controlling the spectral density of the BEC reservoir. In order to explore a more intuitive physical insight into the effect of relevant parameters, including a B , D, σ and L, on the quantum dephasing process of the impurity atom, we analyze the spectral density J(ω) in details in appendix A [34, 43, 49] . For qualitative analysis, here we mainly consider the spectral density in the low-frequency region, which plays a leading role in the long-time decoherence process. In the non-interacting BEC reservoir (a B = 0), low-energy excitations with ω ≪ ω L have particle-like spectrum scaled as
where the soft cut-off frequency ω c = However, in the interacting BEC reservoir with a B 0, the low-energy excitations with ω ≪ n D g D have phonon-like spectrum scaled as , and three prefactors B D are given by Eq. (A10).
That is to say, for the free cases, the spectrum are subOhmic, Ohmic, and super-Ohmic in 1D, 2D and 3D reservoirs, respectively. However, the low-frequency spectrum for the interacting cases are always super-Ohmic, and the superOhmicity of the spectral density is enhanced with the increase of dimensions of the BEC reservoir. Thus, the slow down of the quantum dephasing speed induced by increasing a B or decreasing D can be explained as a result of the change of the spectral density's Ohmicity. And another interesting phenomenon is that the cut-off frequency ω c orω c,D can both be reduced by increasing σ, which would also suppress the dephasing of impurity induced by the high-frequency modes in the BEC reservoir. Meanwhile, the dependence of the spectrum on the distance L is established through the relationship between the prefactors (A D or B D ) and L. From Eqs. (A8) and (A10), we can see that, in the small region of L, the effective coupling constant is proportion to L 2 , which is the reason for the speedup of the quantum dephasing of the impurity with the increase of L.
IV. CONCLUSIONS
In conclusion, we have studied the DSL of a single impurity atom immersed in a BEC reservoir with the impurity atom being in a double-well potential. We have obtained the DSL based on the quantum Fisher information formalism. We demonstrated that the DSL of the impurity atom can be manipulated by engineering the BEC reservoir and the impurity potential within experimentally realistic limits. It has been shown that the DSL can be controlled by changing key parameters such as the scattering length, the effective dimension of the BEC reservoir, and the spatial configuration of the doublewell potential. In order to explore the physical mechanisms of controlling the DSL, we have analyzed the spectral density in details. It has been revealed that the physical mechanisms of controlling the DSL at root of engineering the spectral density of the BEC reservoir.
It is believed that these results of the present study may provide a direct path towards engineering quantum dephasing speed of qubits in nonlinear reservoirs, and would help to address the robustness of quantum simulators and computers in a phasing damping channel against decoherence [50] [51] [52] , which may have implications in quantum cooling and quantum thermodynamics.
where J 0 (x) is the first kind of Bessel function .
Let k(ω) is the root of the equation ω = ω k in Eq. (2),
the spectral density in Eq. (A2) becomes
where the first partial derivatives of ω k versus wave vector k can be derived from Eq. (2),
As one can see from Eq. (2), the dispersion relation is much sensitive to the inter-atomic interaction strength g D . In the following we consider two extreme cases. In the free boson reservoir with g D = 0(a B = 0), the quasi-particle energy tends to ω = . In the low-frequency region with ω ≪ ω L , the spectral density can be reduced to the simple form
where ω c = 
where n D and η D are the number density of the D-dimensional BEC and the interaction strength between impurity atoms and D-dimensional BEC with the expressions given by Eqs. (5) and (6), respectively. Making use of Eqs. (5) and (6), from Eq. (A8) we can see that the prefactors A D are dependent of the distance parameter between two wells L and the s-wave scattering length a AB for BEC-impurity collisions. Hence, in the non-interacting case, low-energy excitations of the BEC reservoir have particle-like spectrum given by Eq. (A7) with the soft cut-off frequency ω c [34, 43] . From Eq. (A7) we can see that the Ohmicity of the BEC reservoir is determined by the dimensions of the BEC. The spectrum is sub-Ohmic, Ohmic, and super-Ohmic for 1D, 2D, and 3D BEC reservoir, respectively.
Whereas 
where g D is the interaction strength between inter-atomic interaction in D-dimensional BEC with the expressions given by Eq. (4). Making use of Eqs. (4)-(6), from Eq. (A10) we can see that the prefactors B D depends on not only the distance parameter between two wells L and the s-wave scattering length for impurity-BEC collisions a AB , but also the scattering length for inter-atomic collisions a B . Therefore, in the case of the interacting BEC reservoir, low-energy excitations of the reservoir have phonon-like spectrum given by Eq. (A9). The spectral Ohmicity of the BEC reservoir is always super-Ohmic for 1D, 2D, and 3D BEC reservoir.
